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What is Direct computation method ?
E. De Doncker, Y.Shimizu J.Fujimoto, FY CPC 159('04)145.

. . . | 1-x 1
In the analytic treatment, & in the [ =1im . dx f . dy :
: ] o —0 _
denominator is an infinitesimal number ’ D(x,y) - i€
(in complex analysis) while we consider Sometimes denominator becomes 0

. . ) in the integration region.
it a finite (sometimes rather large) number

1 1-x D(x,
Change ¢ as ¢ =%, c>1 N(g)) = fodxfo dy D (izy_z =,
Do integration Y EE
and get I(¢), >0,1=0,1,2,... S(I(e,)) = P dy €
* [ f() f() D(x’y)2+€l2

Extrapolate I(¢)) R(I) = lim {Sﬁ ( [(81))},
and get the result when € becomes 0 =0

. . XR(TY = Tind X
using &-algorithm by P.Wynn. () 113(}{’\9 (1))}



Questions about
Direct computation method

How many legs does it handle?
Does it handle two-loop integral?
Is it available in gigantic calculation?

How about the precision?



Experiences
How many legs?

Two-loop integral?

2- 4 |
Comput. Phys. Comm. 169 (2004) 145.

Nucle. Instr. Meth. in Phys. A 534 (2004) Numerical results show

269.
PoS (ACAT ) 085 in 2007 good agreements to ones
PoS (ACATO08 ) 122 in 2008 calculated by different methods.

PoS(ACAT2010)073 in 2010



Table 10
3221

compared with the expansions descnibed in Appendix F |
The sum over n 1n Eq. (F 4) 1s restnicted to n < 20

G. Passarino, S. Uccirati / Nuclear Physics
B 629 (2002) 97-187

s [GeV2] Re 5221 Re 5221 expansion Im 5221 Im S221 expansion
0.1 0.0496(2) 0.049542 0.01566(3) 0.015709
0.5 0.04154(5) 0.041506 0.015722(8) 0.0157145
1.0 0.03805(3) 0.038051 0.015717(9) 0.0157211
5.0 0.030085(9) 0.0300729 0.015776(4) 0.0157739
10.0 0.026682(9) 0.0266732 0.015836(6) 0.0158406

Our Result : Real.Part

0.1: 0.0495422813200543447 0.320x107-08} time= 15597  sec

0.5: 0.0415057579995489756 0.103x10°-{09} time= 20099 sec ,  ,

1.0 0.0380513198192413554 0.315x107-{10} time= 23477 sec M, =m, = ms =100,

5.0: 0.0300728814548601453 0.113x107-{10} time= 49088 sec

10.0: 0.0266732282649044181 0.501x107*{-10} time= 70116

Our Result: Imag. Part

0.1: 0.0157092762638005173 0.578x10"{-08} time= 8104 sec
0.5: 0.0157145132918421124 0.678x10"{-09} time= 8569 sec
1.0: 0.0157210708424737923 0.760x10*{-10} time= 9423 sec
5.0: 0.0157738506535797934 0.796x107°{-10} time= 23233 sec

10.0: 0.0158406370534877709 0.315x10*{-10} time= 36018

secC

2

2
sec m3 =m4 =O



From experiences

* |t can handle arbitrary masses (real masses and
complex masses)

* |t can handle divergences as
— divergence when the denominator becomes zero

— Infrared divergence

— (Ultraviolet divergence)

* For gigantic calc.
— Speed control
— Precision control

57 3TFLOPS since 2006 in KEK GRAPE-DR model450,
http://scwww.kek.jp/index_e.html PCI Express card



*One-loop diagram with complex masses
»work with Vietnamese group in early
summer 2010

*Recent progress since October 2009
» Two-loop box integral



P2 P3

] one-loop integral
. «  with complex mass

D1 m? D4

Input parameters are

p? = 10.0 , m?=10.0 — 5.0;

p% —60.0 ’ % =20.0-0. 02 khiem san (left) and Son san rigt)
p3 = —10.0 , m3 = 10, 100, 1000, 10000;

p?=-10.0 , m3 = 40.0 — 10.0;;

s=(p1+p2)?=200.0 , t=(p2+p3)°=-10.0
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Comparison

Hoang Son Do, Phan Hong Khiem Dao Thi Nhung, Le Duc Ninh
\ /
2 = & Y g Jin 1 ‘ .
ms; XLOOPS-GiNaC LoopTools 2.4

10 Real  2.476607718585036053E 4 0.00260538
Imag:  4.830551285215682584 F 4 0.00192925
100 Real: 8.1543415594642731853E >  —0.00058759
Imag:  1.5450057163059433522E~%  0.000740276
1000 Real: 1.47691716458090845525E~° —5.67191e=%
Imag: 2.2197908354423311047E >  3.75257¢~%
100000 Real:  1.7631836386498412576E~7  —5.34807e~Y7
Imag: 2.3565248181800932989F~7  3.280924¢797

XLOOPS-GIiNaC : http://lwwwthep.physik.uni-mainz.de/~xloops/
LoopTools: http://www.feynarts.de/looptools/
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good agreement |

m3

XLOOPS-GiNaC LoopTools 2.5

Minami-Tateya Group

10 Real

Imag:

2.476607718585036053 E 4 0.000247661
4.830551285215682584 F 4 0.000483055

0.2476607718651927 D93
0.4830551284955444 D03

100  Real:

Imag:

8.1543415594642731853E5  8.15434¢ 0
1.5450057163059433522 5% 0.000154501

0.8154341560206131 D%
0.1545005716281967 D3

1000 Real:

1.47691716458090845525 B> 1.47692¢ =%

0.1476917164636933 D04

Imag:  2.2197908354423311047E~>  2.21979¢=%  0.2219790835451625 D%
LoopTools is upgraded to 2.5
FYuasa cpp2010 at KEK, 23-25 September 2010 11



Two-loop planar box

1 :
T —=— dzrq drg drs dry drs drg dry §( E 3
o e D + 16( )

D=-C E Ty
+ {s(x129(xg4 + x5 + 6 + 7) + T506(T1 + T2 + T3 + 4) + T12476 + ToT4T5)
+ trsxraxy
2
+ P (-'1‘3(:171:1?4 +r1r5 + 1126 + 17 + T4T5

+ polx3(Toxy + Tox5 + Toxg + ToX7 + T4Tg

)
3(z3( )
+ ])3(.1 (174 + 1125 + ToT5 + T35 + T4T5))
1(zr( )

}

+ pylx7(Tr1T6 + T2y + ToXg + 36 + TaTg

and
C=(x1+x0+x3+24)(14 + 25 + 26 +27) — ;l?i.

Here, s = (p1 +p2)® = (ps +pa)®. t= (p1+p3)® = (p2+pa)*and p; +ps +
p3 + pg = 0.
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Example of direct computation method
two-loop planar box with masses

No reduction

X 1012
2 T w I
"6d.ladder.real.DQ.20100730.result" —
"6d.ladder.real. BASES100Mega.20100730.result"
151 J\ -
N Parameters with reduction |
m=50 GeV
| M =90 GeV |
t =-1002 GeV?2
& |
05\ o _
1L A e _
15 L -
-2 | | L
5 10 15 20

f.=s/m*’ 5= f <25

25



Two-loop non-planar box

! C
If) (D A lfC)3 ;

1
1 =— / dzq dxo drs dry drs drg dry 6(1 —
0

—C Z ;l‘g‘ln?

{.S(—;z,‘l;z’s;zfﬁ + ZaX3 T4 + ToX3Ts + TaL3Tg + ToX3T7 + TaXegZr + '.1‘3;17415)
lL(;l‘l (;174;1‘7 — ;1‘51‘6))

p%(;z?l (oxg + Toxy + Toxg + ToTy + T4x5 + T5T6))

2
p5(x1 (2374 + X375 + T3T6 + T3X7 + THTE + TEX7))

=1

»)
|

+ + + + 4+ +

2

])3(1?1;1?51‘6 + X1T5X7 + ToXTgT7 + ToT5T7 + T3T5Tg + T3TL5T7 + TyT5T7 + ;lf5;1‘6;1*7)
2

p4(;zflr4;1‘6 + 12T T Tolalp T TolesTeg T L3Xale T TaLal7r + Talste 1 ;1’4;1‘6;177)}

and
C=(r1+zo+ax3t+zatas)(x1+x2+23+ 25+ 26+ 27) — (21 + T2+ 1‘3)2.

Here, s = (p1 +p2)® = (ps +pa)®. t = (p1+p3)° = (p2+pa)®and p; +po +ps+ps = 0.
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Example of direct computation method
two-loop non-planar box with masses

X 1012 | | . 3 I
Parameters f X
T m=50 GeV X Imag part -
M =90 GeV oA No reduction
t =-1002 GeV? ; ¥
0.6 '.' n _
Z %

with reduction 'i;;
04 \/7 W ]
2 - Real part — Dispersion .

No reduction relation

| |

1
Ry =—

|

s'—s—1I¢€

|

3UE) o *

0 5 2
f.o=s/m",—

4
6=<f <10

6

8

10



Summary

We develop Direct computation method, a

fully numerical computation method for loop
integrals.

Direct computation method is a combination
of multi-dimensional numerical integration
and an extrapolation method.

Direct computation method is available for
oop integrals with complex masses.

Using Direct computation method, we
calculated two-loop planar/non-planar
integrals with masses.



Thank you!



